A Mathematical Model for Natural Fracture Evolution in Water-flooding Oil Reservoir  by Hong, Liu et al.
Energy Procedia 16 (2012) 1348 – 1356
1876-6102 © 2011 Published by Elsevier B.V. Selection and/or peer-review under responsibility of International Materials Science Society.
doi:10.1016/j.egypro.2012.01.215
Available online at www.sciencedirect.com
          Energy Procedia  00 (2011) 000–000 
Energy
Procedia
www.elsevier.com/locate/procedia
2012 International Conference on Future Energy, Environment, and Materials 
A Mathematical Model for Natural Fracture Evolution in 
Water-flooding Oil Reservoir 
Liu Hong, Pang Jin, Yu Xinan 
Chongqing University of Science and Technology 
Abstract 
The fractured low permeability reservoirs develop complex fracture network. As the of waterflooding recovery 
heightens, excessive high injection pressures and excessive water injection rate will result in open, initiation, 
propagation and coalescence of microfracture, connecting injection with production form the high permeability zone, 
which results in a one-way onrush of waterflooding, water cut in oil well water rise quickly, causing a severe oil well 
flooding and channeling, thereby reducing the ultimate oil recovery efficiency. The effect of the waterflooding 
seepage within natural fracture on fracture initiation is studied and analyzed here, applying the theory of rock fracture 
mechanics to analyze the interaction of fracture system for naturally fractured reservoirs in waterflooding developing 
process, studying the mechanical mechanism of opening, initiation, propagation and coalescence of natural 
fracture under injection pressure, which is important theoretical significance for studying the distribution law of 
fracture and defining appreciate water injection mode and injection pressure in the process of injection development 
of the naturally fractured reservoir and for delaying the directivity water break-through and water flooding rate of oil 
well in the process of injection development. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
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1. Introduction 
Fractured low permeability oilfield is the main resource base of enhancing reserve and productivity for 
China's petroleum industry in the future for a quite long period of time, such as Huoshaoshan oil fields in 
Xinjiang , Qiuling and Shanshan Oilfield in Tuha, Ansai oilfield in Changqing, Bonan oilfield in Shengli, 
Chaoyanggou Oilfield in Daqing, Xinli, Qianan and Xinmin oilfield in Jilin and so on. The presence of 
fracture plays a dual role in oil field development [1]: on the one hand, which increases the absorption 
capacity of the reservoir to make up for the lack of permeability ,so that there are higher production and 
injection capacity in the fracture zone for oil wells generally and production effectiveness is better; on the 
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other hand, it is easy for injection water to break through along the cracks due to fracture development, 
which result in one-way rush of injection water, oil well water cut rapidly rise, stream path between oil 
well and water well water is formed, easily resulting in a crash water-out of oil well along the fracture 
direction, injection water is cycled noneffectively, and the injection effectiveness isn’t seen for oil well in 
the side direction of fractures, seriously impacting development effectiveness. 
There are roughly four types of fracture in fractured low permeability oilfield: (1) open fracture: as the 
fluid flow channel; (2) local open fractures: some fractures in the original case, is partially open, is mainly 
semi-filled fracture, the filling material is corroded and carried away in the long-term effects of water, so 
closed fractures partially open to become open fractures; (3)  open fractures under high pressure: in given 
water pressure, the closed fracture becomes opening fracture, forming a fluid flow channel; (4) closed 
fracture: including the closed fault influenced by underground stress and the fault filled with the dyke or 
fault gouge filling and other substances, such cracks exist, however, which cannot provide the fluid flow 
channel [2]. Core observation and thin slice statistics also show that the majority of micro-fractures and 
large fractures have some openness or partial openness, meanwhile, parts of the natural micro-cracks 
under original underground stress conditions are closed, belonging to occult fractures, however once 
influenced by external injection pressure, micro-fractures will open to varying degrees, occult fractures 
are induced into dominant fractures, impacting on the fluid seepage [3-4]. Therefore, in the waterflooding 
production of fractured reservoirs, four types of fractures will have an impact on development 
effectiveness.
The mechanical mechanism of expansion that the fractures extend from the closed state to opening till 
extended damage for fractured sandstone reservoir in the injection process have been studied in parameter 
[5], but mainly based on a single fracture opening and propagation, without considering the propagation 
and coalescence between natural fractures. In fact, the fractures in the fractured sandstone reservoirs 
mostly appear in groups, and multiple fractures often coexist. Each fracture are encircled with the other 
fractures, and sometimes also is cut by other groups fractures, there may also be the more low-level 
fracture distribution in its vicinity, which will affect the crack-tip stress state and change the crack tip 
stress intensity factor.  the effects of pore water pressure on rock strength have been studied through 
laboratory experiments and theoretical derivation by Zhu Chengde etc.[6], indicating that the tracking and 
transfer functions of water pressure lead to fractures, once formed, its propagation will develop along the 
fracture tip, and continually develop until interconnection between the fractures with the water pressure 
effect [6]. Therefore, the fractured reservoirs reduces the rock strength because of the injection pressure 
and injection water seepage in waterflooding development, the evolution, extension, propagation of 
natural fracture and fracture coalescence will emerge from natural fractures in groups, formatting 
reservoir damage, speeding up water flooding speed and extent of flooding in the waterflooding 
development process. Therefore, it is of important theoretical significance for high-efficient development 
of oil field to study the mechanism of destabilizing propagation occurring in reservoir fracture caused by 
injection water. 
The effect of the waterflooding seepage within natural fractures on fracture initiation is studied and 
analyzed here, applying the theory of rock fracture mechanics to analyze the interaction of fracture system 
for naturally fractured reservoirs in waterflooding developing process, studying the mechanical 
mechanism of opening, initiation, propagation and coalescence of natural fracture under injection 
pressure, which is important theoretical significance for studying the distribution law of fracture and 
defining appreciate water injection mode and injection pressure in the process of injection development of 
the naturally fractured reservoir and for delaying the directivity water break-through and water flooding 
rate of oil well in the process of injection development. 
2. The effects of the fluid seepage within fracture on fracture initiation 
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In the waterflooding development of fractured reservoir projects, the fractures are filled with the 
injection water under a certain pressure, under the action of water pressure drop, water will penetrate into 
the rock in the reservoir through the fracture wall, reducing the pressure drop inside and outside the 
fractures. It is generally believed that the reduction of pressure drop is influenced by the decrease of 
pressure within the fractures seam   and the increase in pressure outside of fractures.  Study on the 
effect of high-pressure water filtration on fracture initiation is to calculate the pressure decrease inside 
fractures in the case of percolating filtration. 
Yang Tianhong etc. have studied  coupling effect of penetration and stress in the fracture 
propagation process by experimentally research,  the research have shown that, with the  fracture 
initiation, propagation and evolution, and the water flow vector is always consistent with the direction 
of  fracture propagation, it is found by careful observation that penetration coefficient of destructive 
location and pore water pressure coefficient is different from the non-destructive location, the non-linear 
distribution of pore water pressure in the fracture zone  in turn changes the distribution of effective stress 
field, directly affecting the mode of fracture propagation. Therefore, the seepage of fluid 
within fractures and injection pressure play an important role on the fracture initiation and propagation 
[7]. 
For the high-pressure water filling fracture, when there is no additional fluid flow, the penetration of 
fracture wall is equivalent to the expansion of water body within fractures; the volume expansion will 
inevitably lead to pressure decrease. The relationship of the fluid volume and bearing pressure can be 
defined with the following equation [8, 10], 
)](exp[ 00 ppQQ −−= β         (1) 
Where, is the volume after change, is the volume before change, is the pressure after 
change,  is the pressure before change, 
Q 0Q p
0p β is the volume compressibility. 
Assuming that the volume of high-pressure water in fractures is , pressure is , loss volume 
through infiltration is , the pressure is if stable, there are:
0Q 0p
QΔ p
)](exp[ 000 ppQQQ −−=Δ+ β        (2) 
Equation (2) is arranged as:   
)ln(1
0
0
0 QQ
Qppp Δ+=−=Δ β        (3) 
Where,  is the effect of the seepage of injection water on the fracture initiation. pΔ
p
The resulting pressure within the fractures in injection water process should be: 
pp Δ−= 0          (4) 
3. Mechanism of fracture system 
3.1. Mechanics model of fracture  system 
The fractures in the fractured sandstone reservoirs mostly appear in groups, and multiple fractures 
often coexist. Each fracture are encircled with the other fractures, and sometimes also is cut by other 
groups fractures, there may also be the more low-level fracture distribution in its vicinity, which will 
affect the crack-tip stress state and change the crack tip stress intensity factor. Under the dual action 
of injection pressure and seepage of injection water, the fracture system is extended to the coalescence. 
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Suppose there is an open fracture (filled with water injection) in reservoir, in the vicinity of which 
a closed fracture is used to study the mechanism of coalescence, as shown in Figure 1 [9]. 
Fig. 1. The mutual influence relationship of opening fracture and closed fractures 
(1) Stress field characteristics of closed fractures 
The displacement and stress field distribution near the leading edge of fracture is analyzed by applying 
the local coordinate system shown in Figure 2, Where, b  is the principal normal of fracture surface, 
 is the binormal of fracture surface , t is the  tangent of the heading front of fracture. 
nbt
n
Fig. 2. Local coordinate system of the leading edge of three-dimensional fracture 
According to the literature [10], the stress fields (in the normal nb plane) near the leading edge of 
fracture can be expressed as, 
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Where, KI, KII, and KIII are type I, II and III stress intensity factor separately, E is modulus of elasticity, 
ν is the Poisson's ratio, the relationship between andr θ  is shown in Figure 2. 
It can be known that that the stress is infinite at the leading edge of fracture r= 0 according to 
Equation (5), namely the stress has singularity. However, for a certain position（ θ,r ） near the leading 
edge of fracture, its size depends entirely on the stress intensity factor KI, KII, and KIII.
The stress intensity factor can be solved to adopt single-point displacement equation. In the 
local coordinate system shown in Fig. 2, when taking πθ ±= ,  the stress intensity factor on the two 
surfaces of fracture near the leading edge of fracture can be expressed as[9,10]. 
( πθπθπν −== −−= bbI uurEK 2)1(4 2' )                                                                                    (6a) 
( πθπθπν −== −−= nnII uurEK 2)1(4 2' )                                                                                    (6b) 
( πθπθπν −== −+= ttIII uurEK 2)1(4' )                                                                                      (6c) 
(2) Stress field characteristics of open fracture 
When the fractures are open and are filled with water, the water pressure inside the fracture will have 
an impact on the stress field at the leading front of fracture. Injected water pressure to crack the 
force acting on the upper and lower surface of fracture distributed symmetrically under the injection water 
pressure, shown in Figure 3.  Injection water pressure play a role that the fracture tip bears tensional 
force so that its stress intensity factor [9] is, 
xa
xa
a
apKI −
+= π
2''                                                                                                                       (7a) 
Fig. 3. Open fracture 
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The conversion of Equation (7a) with the polar coordinate system shown in Figure 3 is expressed as 
θ
θ
π cos
cos22''
r
ra
a
apKI −
+=                                                                                                           (7b) 
Therefore, the total stress intensity factor of the fracture system is the overlay of equation (6) 
and (7b), namely: 
( ) θθππν πθπθ coscos222)1(4 ''2''' r raaapKuurEKKK IbbIII −+=+−−=+= −==              (8a) 
( πθπθπν −== −−== nnIIII uurEKK 2)1(4 2' )                                                                          (8b) 
( πθπθπν −== −+== ttIIIIII uurEKK 2)1(4' )                                                                          (8c) 
(3) Mechanism of fracture system 
In the two-dimensional space, the stress field of the fracture b is derived from Equation (5), namely, 
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 The two stress fields of fracture a and b act within the region between two fractures, the total 
stress field in this region is the superposition of two local stress field. 
 Using polar coordinates Shown in Figure 3, the coordinate system of the fracture a  is seen as a global 
coordinate system, then the coordinate transformation relationship is defined as follows[9],  
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Substituting equation (11) into equation (9) to obtain the two-dimensional stress field distribution of 
fracture b (stress intensity factor calculated according to equation (6)) as follows, 
                                                                                                                         (12) 
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 The two-dimensional stress field distribution of the fracture a (stress intensity factor calculated 
according to equation (8)), 
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 Superimposing the equation (12) and (13) to obtain the stress field distribution influenced by 
the fracture system,  
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The stress field after superposition of two fractures, especially the direction of stress changes, has 
taken place great change; tensile stress concentration area will appear in the connection line between 
fracture tips. 
(4)  Unstable fracture propagation criteria 
Because the low permeability sandstone is brittle rock, once begin to expand in the tensile stress state, 
and then the stress concentration factor also increases with the growth of fracture. In the case of 
constant external force, the greater the stress concentration factor is, the greater the tensile stress 
concentrated is, crack propagation speed of course will be faster, and if such vicious cycle continues that 
the unstable propagation is bound to occur in the reservoir fracture. 
According to the maximum tensile stress criterion, when the fracture tip stress exceeds the rock tensile 
strength, the fracture will be initiated and extended, namely: 
Rp −<−3σ                                                                                                                                 (15) 
Therefore, as long as the conditions of unstable fracture propagation are met, the unstable propagation 
for fracture also will occur sometimes in the case that the waterflooding pressure is not high, resulting 
in channeling and crash water-out of oil well. 
4. Calculation procedure 
Applying the computer to simulate the open, initiation, propagation and coalescence of natural 
fractures in reservoir must be combined with fluid-structure interaction simulations for oil and 
gas reservoirs, which consists of two models and a criterion, namely, water seepage model, the ground 
stress calculation model and the unstable fracture propagation criterion. The calculation procedures 
include that, in the same time step, the  calculation of the seepage field is completed firstly, and then the 
calculation of the stress field distribution between the reservoir fracture systems in reservoir  is 
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performed, using the maximum tensile stress  criterion to determine whether the fracture extend, if 
not extended, then going into the next step , calculation of the reservoir fluid-solid coupling seepage is 
done, otherwise outputting the ground stress and injection pressure in the presence of extension , after 
that,  the interconnected process of  fracture system is simulated, obtaining the fracture evolution law 
under the condition of different injection pressures and different injection rates  , and thereby guiding the 
high-efficiency development of oil fields. 
5. Conclusions 
 (1) The fracture distribution law is an important factor affecting reasonable selection 
for waterflooding mode, and only fractures developing direction and the lateral pressure displacement law 
of fracture are known, can the fracture be utilized effectively, defining reasonable injection 
pressure to delay the directional water channeling, waterflooding time and waterflooding 
speed, optimizing injection and production well network, and continuously improving the 
ultimate recovery efficiency of oil field. 
(2) Natural fracture extends into low-stress brittle  crack , provided that  the conditions of unstable 
fracture propagation are met, which sometimes will result in the unstable fracture propagation in the case 
that the waterflooding pressure is not high, even interconnection between fractures, and resulting 
in channeling and crash water-out of oil well in the high permeability zone formed due to the injection 
and production connection , therefore, when allocating the well network, the research and evaluation of 
fracture propagation direction should be performed in the development process  avoiding to location of 
well in the direction of fracture propagation. So that it is of practical significance to know the fracture 
initiation, propagation and coalescence law for water flooding development of oil field.
(3) In the project, exact number and location of the fractures cannot be proven; the geometry of 
each fracture cannot also be proven. Therefore, based on the principle of statistical, macroscopic rule of 
fracture distribution is derived, and then property changes of the rock material is researched in accordance 
with macroscopic rule, it will be the more effective that generalizabilty coefficient is introduced to 
equivalently describe the change of rock mechanics and hydraulic effect result from the fracture initiation 
and propagation, and it is more convenient to deal with them. 
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